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a b s t r a c t
The spectrum of a digraph in general contains real and complex eigenvalues. A digraph is
called a Gaussian integral digraph if it has a Gaussian integral spectrum that is all eigen-
values are Gaussian integers. In this paper, we consider Gaussian integral digraphs among
circulant digraphs.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A digraph D consists of a finite set V of points v1, . . . , vn and a set of ordered pairs of distinct points, written (u, v) or
briefly uv, called arcs. The adjacency matrix A = A(D) of a labelled digraph D is the n × nmatrix [aij] with aij = 1 if vivj is
an arc of D and 0 otherwise. The characteristic polynomial of D is written as
P(D) = P(D, x) = det(xI − A) =
n−
i=0
aixn−i.
The sequence λ0, . . . , λn−1 of the roots ofΦ(D) is called the spectrum of D, denoted by Spec(D). In general, Spec(D) contains
both real and complex eigenvalues.
Let G be a finite group and S be the subset of G. The Cayley digraph D = D(G, S) of Gwith respect to S is a directed graph
with vertex set G, and for g1, g2 ∈ G, there is an arc from g1 to g2 if and only if g2g−11 ∈ S. When G is a cyclic group Zn of
integers modulo n, the Cayley digraph D(Zn, S) is called a circulant digraph. The spectrum of circulant digraph is given by [2]
and [6]
spec(D(Zn, S)) = (λ0, . . . , λn−1),
where λr =∑s∈S ωrsn with 0 ≤ r ≤ n− 1 and ωn = e2π i/n. Note that {ωrn : 0 ≤ r ≤ n− 1} are all (complex) solutions of the
equation xn = 1, and they are called the nth roots of unity.
A complex numberλ = α+iβ is called aGaussian integer ifα andβ are integers. The set of all these numbers iswritten as
Z[i]. Differently from non-directed graphs, the spectrum of digraphs may also contain complex numbers. A digraph is called
a Gaussian integral digraph if it has a Gaussian integral spectrum, which means that all eigenvalues are Gaussian integers.
Of course, if it comes about that all of them are real integers, such a digraph is called an integral (see [1,3,7,8]). The results
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on Gaussian integral digraphs can be found in [4]. In [11], Zhang constructed integral directed graphs by circulant matrix
methods.
In [9], Wasin So characterized the integral circulant graphs completely.
If d is a divisor of n, which we denote by d|n, define Gn(d) = {k : 1 ≤ k < n, gcd(k, n) = d}, which is the set of all
integers less than n having same greatest common divisor d with n. It is clear that the collection {Gn(d) : d|n} is a partition
of {1, 2, . . . , n− 1}.
Lemma 1.1 (So [9]). Let G(Zn, S) be a circulant graph on n vertices. Then G(Zn, S) is an integral if and only if S is a union of the
Gn(d)’s, d|n and d < n.
In this paper, we characterize the Gaussian integral circulant digraphs D(Zn, S)with n = k, 2k, 4k (k is odd). In addition,
we find a class of Gaussian integral circulant digraphs D(Zn, S)with n = 2tk, where t > 2 and k is odd.
In the following, we cite some known results which will be used in the next section.
Let Q be the field of rationals and d ≠ 0, 1 be a square free integer. The simple extension Q (d) of Q is called a quadratic
field. If d > 0, Q (
√
d) is called a rational quadratic field; if d < 0, Q (
√
d) is called an imaginary quadratic field. Obviously,
θ ∈ Q (√d) if and only if θ = r + s√d, r, s ∈ Q (see [10]).
The algebraic field Q (ωn) is called the nth cyclotomic field, 1, ωn, ω2n, . . . , ω
ϕ(n)−1
n is a basis of Q (ωn), where ϕ(n) is the
Euler function. For the cyclotomic field, if d is a divisor of n, then Q (ωd) ⊂ Q (ωn). Q (ωm) ∩ Q (ωn) = Q (ω(m,n)), where
(m, n) is the greatest common divisor ofm and n. For the quadratic field, it is known that every quadratic field is a subfield
of a cyclotomic field.
Lemma 1.2 ([5]). Q (ω4) is the minimum cyclotomic field containing quadratic field Q (i), where i =
√−1.
2. Main result
Theorem 2.1. Let D(Zn, S) be a circulant digraph with n odd, then D(Zn, S) is a Gaussian integral if and only if S is a union of
Gn(d)’s.
Proof. By Lemma 1.2, Q (ω4) is the minimum cyclotomic field containing quadratic field Q (i). It is known that all the
eigenvalues of D(Zn, S) are contained in Q (ωn). Since n is odd, we have Q (i) ⊈ Q (ωn), that is there is no eigenvalue of
D(Zn, S) contained in Q (i). So D(Zn, S) has only real zeros and by Lemma 1.1, D(Zn, S) is integral and S is a union of the
Gn(d)’s. 
Theorem 2.2. Let D(Zn, S) be a circulant digraph and n = 2k with k odd, then D(Zn, S) is a Gaussian integral if and only if S is
a union of Gn(d)’s.
Proof. The proof is similar to Theorem 2.1. 
By Theorem 2.2, all the Gaussian integral circulant digraphs D(Z2k, S)with k odd are integral.
In the remaining part of this section, we always suppose that n = 4kwith k odd.
Let p1, . . . , ps = k be divisors of k, then all the divisors of n are 22−jpi (j = 0, 1, 2; i = 1, . . . , s) and let k = pigi. Denote
by Z∗n = {ν|ν < n, (ν, n) = 1} the set of all the positive integers less than n having greatest common divisors 1 with n. Let
S = {s1, . . . , sl} and h be an integer, we denote hS = {hs1, . . . , hsl} and h± S = {h± s1, . . . , h± sl}.
Let f (x) = gi − x. It is easy to see f (x) is 1− 1 mapping from Z∗4gi to G4gi(4) ∪ G4gi(2) = 4Z∗gi ∪ 2Z∗2gi modulo 4gi. Since gi
is odd, then f (x)maps odds to evens and |Z∗4gi | = |4Z∗gi ∪ 2Z∗2gi |. By a simple discussion we have Z∗4gi = M2 ∪ M ′2, f (x)maps
M2 to 4Z∗gi and mapsM
′
2 to 2Z
∗
2gi
.
Then we have
Gn(4pi) = 4piZ∗gi;
Gn(2pi) = 2piZ∗2gi;
Gn(pi) = piZ∗4gi = pi[(gi − 4Z∗gi) ∪ (gi − 2Z∗2gi)] = pi(M2 ∪M ′2),
here we write Gn(n) = {n}.
By the above discussion, we have a new partition of Zn, that is
{Gn(4pi),Gn(2pi), piM2, piM ′2} = {M},
where i = 1, 2, . . . , s.
Theorem 2.3. If n = 4k (k odd), then∑m2∈M2 ωrpim2n ∈ Z[i] and∑m′2∈M ′2 ωrpim′2n ∈ Z[i].
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Proof. Case 1.−
m2∈M2
ωrpim2n =
−
m2∈M2

cos
2rpim2π
n
+ i sin 2rpim2π
n

=
−
p′∈4Z∗gi
[
cos
2rpi(gi − p′)π
n
+ i sin 2rpi(gi − p
′)π
n
]
=
−
pip′∈Gn(4pi)
[
cos

rπ
2
− 2rpip
′π
n

+ i sin

rπ
2
− 2rpip
′π
n
]
=

−
pip′∈Gn(4pi)

± sin 2rpip
′π
n
± i cos 2rpip
′π
n

, r is odd;
−
pip′∈Gn(4pi)

± cos 2rpip
′π
n
± i sin 2rpip
′π
n

, r is even.
By Lemma 1.1, we have
∑
m2∈M2 ω
rpim2
n ∈ Z[i].
Case 2. The proof of this case if similar to Case 1, we have
∑
m′2∈M ′2 ω
rpim′2
n ∈ Z[i]. The proof is completed. 
From Theorem 2.3 and Lemma 1.1, the following corollary follows:
Corollary 2.4. Let D(Zn, S) be a circulant digraph on n = 4k (k odd) vertices. If S is a union of some M’s, then D(Zn, S) is a
Gaussian integral circulant digraph.
For a fixed n = 4k, denote v∗ the (n−1)-vectorwith 1 at jth entry for all j ∈ M , and 0 elsewhere. Let F be an (n−1)×(n−1)
matrix defined by Fst = ωstn , where ωn = e2π i/n. Note that F is invertible and Fv∗ ∈ Z[i]n−1. It follows that v∗ ∈ A, where
A = {v ∈ Q n−1 : Fv ∈ Q (i)n−1}. It is obvious that A is a vector space over Q .
Lemma 2.5. If v ∈ A then Fv ∈ span {v∗: for any M}.
Proof. Denote v = [v1v2 · · · vn−1]T , and let u = Fv = [u1u2 · · · un−1]T . It suffices to prove that up = uq for any p, q ∈ M .
From the hypothesis, up =∑n−1h=1 vhωphn ∈ Q (i). We prove up = uq for any p, q ∈ M by distinguishing three cases.
Case 1. If p, q ∈ Gn(4pi).
For any p ∈ Gn(4pi), we have up = ∑n−1h=1 vhωphn ∈ Q . In fact, since Q (ω4) is the minimum cyclotomic field containing
the quadratic field Q (i), we have Q (ω4) ∩ Q (ωgi) = Q , where gi is odd. For any a, b, c, . . . ∈ Gn(4pi), ωan, ωbn, ωcn, . . . are
primitive roots of unity for gi and
∑
x∈X ωxn ∈ Q (ωgi), where X ⊂ {a, b, c, . . .}. On the other hand, as p ∈ Gn(4pi), that
is (p, n) = 4pi, thus (ph, n) = 4pj for some pj(j = 1, 2, . . . , s), where h = 1, 2, . . . , n − 1, hence ph ∈ Gn(4pj). By the
hypothesis, up =∑n−1h=1 vhωphn ∈ Q (i), since Q (ω4) ∩ Q (ωgi) = Q , we have up =∑n−1h=1 vhωphn ∈ Q .
Which means ωpn is a root of the rational polynomial f (x) = ∑n−1h=1 vhxh − up. Therefore, f (x) is a multiple of the gith
cyclotomic polynomial Φgi(x). ω
p
n and ω
q
n are both gith unity roots, so ω
q
n is also a root of f (x), that is uq = ∑n−1h=1 vhωqhn ,
which is equal to up.
Case 2. If p, q ∈ Gn(2pi).
For any p ∈ Gn(2pi), we have up =∑n−1h=1 vhωphn ∈ Q . In fact, as p ∈ Gn(2pi), that is (p, n) = 2pi, then (ph, n) = 4pj or 2pj
for some pj(j = 1, 2, . . . , s), where h = 1, 2, . . . , n − 1. Thus ph ∈ G − n(4pj) or Gn(2pj). Since Q (ω4) ∩ Q (ωgi) = Q and
Q (ω4) ∩ Q (ω2gi) = Q , so we have up =
∑n−1
h=1 vhω
ph
n ∈ Q . Similar to Case 1, we also have up = uq.
Case 3. If p, q ∈ piM2, then for any p ∈ piM2, there is p′′ ∈ Zg∗i such that p = pigi − p′′. From the hypothesis,
up =∑n−1h=1 vhωphn =∑h is even vhωphn +∑h is odd vhωphn ∈ Q (i).
If h is even, then we have ph ∈ Gn(4pi) or Gn(2pi), by the above discussion,∑h is even vhωphn is rational. If h is odd, then−
h is odd
vhω
ph
n =
−
h is odd
vhω
pi(gi−p′′)h
n−
h is odd
vhω
kh−pip′′h
n =
−
h is odd
vhω
kh
n ω
−pip′′h,
where ωkhn = i or −i and pip′′ ∈ Gn(4pi), obviously, −pip′′ ∈ Gn(4pi). Therefore, by Lemma 1.1,
∑
h is odd vhω
ph
n is pure
imaginary with rational imaginary part.
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Let f (x) = ∑h is even vhxh −∑h is even vhωphn . Then ωpn is a root of rational polynomial f (x). Therefore, f (x) is multiple of
the 4gith cyclotomic polynomialΦ4gi(x). Since ω
p
n and ω
q
n are primitive roots of unity for 4gi, so ω
q
n is also a root of f (x), that
is −
h is even
vhω
ph
n =
−
h is even
vhω
qh
n . (1)
Now we consider the imaginary part of up.
Let g(x) = i∑h is odd vhωkhn xh − i∑h is odd vhωkhn ω−pip′′hn . Then ω−pip′′n is a root of rational polynomial g(x). Since ω−pip′′n
and ω−piq
′′
n are primitive roots of unity for gi. Therefore, ω
−piq′′
n is also a root of g(x), that is−
h is odd
vhω
kh
n ω
−pip′′h
n =
−
h is odd
vhω
kh
n ω
−piq′′h
n . (2)
By Eqs. (1) and (2), we have up = uq.
Case 4. If p, q ∈ piM ′2, by the similar argument with Case 3, we also have up = uq. The proof is completed. 
Theorem 2.6. A = span {v∗ : for any M}.
Proof. By Lemma 2.5,
F(A) ⊂ span{v∗ : for anyM} ⊂ A.
Since F is invertible, dim F(A) = dim A. Consequently,
F(A) = span{v∗ : for anyM} = A. 
It follows that {v∗ : for any M} is a spanning set of A. Moreover {v∗ : for any M} is a linearly independent set in A since
M ’s are disjoint. Hence we have
Corollary 2.7. {v∗ : for any M} is a basis of the vector space A.
Theorem 2.8. Let D(Zn, S) be a circulant digraph on n = 4k (k odd) vertices, then D(Zn, S) is a Gaussian integral if and only if S
is a union of the some M’s.
Proof. The sufficiency is provided by Corollary 2.4. For the necessity, we consider the (n−1)-vector vwith 1 at the jth entry
for j ∈ S and 0 elsewhere. Since D(Zn, S) is a Gaussian integral circulant digraph, Fv = [λ1λ2 · · · λn−1]T ∈ Z[i]n−1 and so
v ∈ A. By Theorem 2.6,
v =
−
∀M
cmv∗,
for some rational coefficients cm’s. Since v and v∗’s are (0, 1)-vectors, cm is either 0 or 1. Consequently, S is a union ofM for
those cm = 1. 
Corollary 2.9. Let τ(k) be the number of divisors of k and n = 4k (k odd). Then there are at most 24τ(k)−1 basic Gaussian integral
circulant digraphs on n vertices.
Proof. By the construction ofM , there are 2τ(k)+ 2τ(k)− 1 = 4τ(k)− 1 distinctM ’s. Therefore, there are 24τ(k)−1 distinct
S for Gaussian integral circulant digraphs. 
3. A class of Gaussian integral circulant digraphs
In this section, we discuss the Gaussian integral circulant digraphs with n = 2tk, where t > 2 and k is odd.
For a fixed n = 2tk, all the divisors of n are 2t−jpi(j = 0, 1, . . . , t; i = 1, 2, . . . , s). In the following, we describe a new
partition of Zn. We use the notation similar to the case of 4k.
Gn(2tpi) = 2tpiZ∗gi;
Gn(2t−1pi) = 2t−1piZ∗2gi;
Gn(2t−2pi) = 2t−2piZ∗4gi = 2t−2pi[(gi − 4Z∗gi) ∪ (gi − 2Z∗2gi)] = 2t−2pi(M2 ∪M ′2);
Gn(2t−3pi) = 2t−3piZ∗8gi = 2t−3pi[(M2 ∪ (4gi +M2)) ∪ (M ′2 ∪ (4gi +M ′2))] = 2t−3pi(M3 ∪M ′3);
...
Gn(2t−jpi) = 2t−jpiZ∗2jgi = 2t−jpi[(Mj−1 ∪ (2j−1gi +Mj−1)) ∪ (M ′j−1 ∪ (2j−1gi +M ′j−1))]
= 2t−jpi(Mj ∪M ′j ),
where gi − 4Z∗gi and gi − 2Z∗2gi is modulo 4gi, 2j−1gi +Mj−1 is modulo 2jgi.
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Then we get a new partition of Zn, that is
{Gn(2tpi),Gn(2t−1pi), 2t−jpiMj, 2t−jpiM ′j } = {M}, i = 1, 2, . . . , s; j = 2, 3, . . . , t,
here we write Gn(n) = {n}.
Lemma 3.1. If n = 2tk with k odd, then∑mj∈Mj ωr2t−jpimjn ∈ Z[i] and∑m′j∈M ′j ωr2t−jpim′jn ∈ Z[i], j = 2, 3, . . . , t.
Proof. Case 1. We prove the first statement by induction on j−
m2∈M2
ωr2
t−2pim2
n =
−
m2∈M2

cos
2r2t−2pim2π
n
+ i sin 2r2
t−2pim2π
n

=
−
m2∈4Z∗gi
[
cos
2r2t−2pi(gi − p′)π
n
+ i sin 2r2
t−2pi(gi − p′)π
n
]
=
−
p′∈4Z∗gi
[
cos

rπ
2
− 2rp
′π
4gi

+ i sin

rπ
2
− 2rp
′π
4gi
]
=
−
2t−2pip′∈Gn(2t−2pi)
[
cos

rπ
2
− 2r2
t−2pip′π
n

+ i sin

rπ
2
− 2r2
t−2pip′π
n
]
=

−
2t−2pip′∈Gn(2t−2pi)

± sin 2r2
t−2pip′π
n
± i cos 2r2
t−2pip′π
n

, r is odd;
−
2t−2pip′∈Gn(2t−2pi)

± cos 2r2
t−2pip′π
n
± i sin 2r2
t−2pip′π
n

, r is even.
(3)
By Theorem 2.3, we have
∑
m2∈M2 ω
r2t−2pim2
n ∈ Z[i].−
m3∈M3
ωr2
t−3pim3
n =
−
m3∈M3

cos
2r2t−3pim3π
n
+ i sin 2r2
t−3pim3π
n

=
−
m3∈M3

cos
2rm3π
8gi
+ i sin 2rm3π
8gi

=
−
m2∈M2
[
cos
rm2π
4gi
+ i sin rm2π
4gi
+ cos

rπ + rm2π
4gi

+ i sin

rπ + rm2π
4gi
]
=

0, r is odd;−
m2∈M2
2

cos
2r ′m2π
4gi
+ i sin 2r
′m2π
4gi

, r is even and r = 2r ′
where the three equations are obtained, sinceM3 = M2∪(4gi+M2). By Eq. (3),we have∑m2∈M2 2(cos 2r ′m2π4gi +i sin 2r ′m2π4gi ) ∈
Z[i], then∑m3∈M3 ωr2t−3pim3n ∈ Z[i].
Now, we suppose that the result holds for j− 1, that is−
mj−1∈Mj−1
xr2
t−(j−1)pimj−1 =
−
mj−1∈Mj−1
[
cos
2r2t−(j−1)pimj−1π
n
+ i sin 2r2
t−(j−1)pimj−1π
n
]
=
−
mj−1∈Mj−1

cos
2rmj−1π
2j−1gi
+ i sin 2rmj−1π
2j−1gi

∈ Z[i]. (4)
Then we have−
mj∈Mj
ω
r2t−jpimj
n =
−
mj∈Mj

cos
2r2t−jpimjπ
n
+ i sin 2r2
t−jpimjπ
n

=
−
mj∈Mj

cos
2rmjπ
2jgi
+ i sin 2rmjπ
2jgi

50 Y. Xu, J. Meng / Discrete Mathematics 311 (2011) 45–50
=
−
mj−1∈Mj−1
[
cos
rmj−1π
2j−1gi
+ i sin rmj−1π
2j−1gi
+ cos

rπ + rmj−1π
2j−1gi

+ i sin

rπ + rmj−1π
2j−1gi
]
=

0, r is odd;−
mj−1∈Mj−1
2

cos
2r ′mj−1π
2j−1gi
+ i sin 2r
′mj−1π
2j−1gi

, r is even and r = 2r ′. (5)
By Eq. (4), we have
∑
mj−1∈Mj−1 2(cos
2r ′mj−1π
2j−1gi
+ i sin 2r ′mj−1π
2j−1gi
) ∈ Z[i].
Case 2. The proof of the second statement is similar to that of the first statement. The proof is completed. 
Corollary 3.2. Let D(Zn, S) be a circulant digraph on n = 2tk (k odd) vertices. If S is a union of some M’s, then D(Zn, S) is a
Gaussian integral circulant digraph.
Conjecture 3.3. Let D(Zn, S) be a circulant digraph on n = 2tk vertices, then D(Zn, S) is a Gaussian integral if and only if S is a
union of the M’s.
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